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ON EXPLICIT RANDOM-LIKE TOURNAMENTS
SHOHEI SATAKE
Abstract. We give a new construction of tournaments satisfying the
quasi-random property based on digraph spectra and a digraph-version
of the expander-mixing lemma. We also discuss an application of our
construction to the proof of the NP-hardness of the feedback arc set
problem for tournaments.
1. Introduction
A tournament is an oriented complete graph. Random tournaments on n
vertices are obtained by choosing direction in each edge of a complete graph
on n vertices independently at random. We say that random tournaments
asymptotically almost surely (a.a.s.) satisfy the property P if the proba-
bility of the event that tournaments satisfy P tends to 1 when n goes to
infinity. It is known that Paley tournaments have some properties of ran-
dom tournaments. Here, for a prime p ≡ 3 (mod 4), the Paley tournament
Tp is the tournament with vertex set Fp, the finite field of p elements, and
edge set formed by all edges (x, y) such that x−y is a non-zero square of Fp.
As noted in [4, Chapter 9], we want to find explicit tournaments satisfying
properties which random tournaments a.a.s satisfy.
In this paper, at first, we show a construction giving many tournaments
satisfying the quasi-random property which is a typical property of random
tournaments. This result provides many solutions to the problem described
in Erdo˝s-Moon [13] and Spencer [25] asking explicit constructions of such
tournaments. We note that the proof in [3] and [4] showing the quasi-random
property of Paley tournaments contains a discussion which can be applied
only for Paley tournaments. Remarkably, we can generalize that discussion
to more general cases by a new approach focusing on digraph spectra and a
digraph-version of the expander-mixing lemma proved by Vu [27]. Moreover
our construction provides more flexible sources of tournaments than one in
[3] which can be applied to the proof of the NP-hardness of the feedback arc
set problem for tournaments.
2010 Mathematics Subject Classification. 05C20, 68R10.
Key words and phrases. Expander-mixing lemma, feedback arc set problem, normal
regular tournaments, the quasi-random property, Shu¨tte’s problem.
The author is supported by Grant-in-Aid for JSPS Fellows 18J11282 of the Japan
Society for the Promotion of Science.
1
2 SHOHEI SATAKE
The rest of this paper is organized as follows. In Section 2, we recap
the quasi-random property of tournaments and give a new construction of
such tournaments. In Section 3, we provide some examples of tournaments
satisfying the quasi-random property. In Section 4, we apply our construc-
tion to the proof of the NP-hardness of the feedback arc set problem for
tournaments. At last, in Section 5, we discuss another random-like property
defined as an adjacency property.
2. The quasi-random property
In this section, we review the quasi-random property of tournaments and
provide a new construction of such tournaments. For a digraph D, let V (D)
and E(D) be the vertex and the edge set of T , respectively. For two distinct
vertices x and y, let the ordered pair (x, y) denote the edge directed from x
to y.
First, we give the definition of the quasi-random property of tournaments
which was formulated by Chung-Graham [9].
Definition 2.1. Let V (T ) = {1, 2, . . . , n} and σ be a permutation on V (T ).
An edge (x, y) of T is called consistent with σ if σ(x) < σ(y). C(T, σ) is
defined as the number of consistent edges with σ and C(T ) := maxσ C(T, σ).
Then, T has the quasi-random property if T satisfies
(2.1) C(T ) ≤ (1 + o(1))n
2
4
.
Chung-Graham [9] also gave some other properties equivalent with (2.1).
The interested reader is referred to [9].
Consistent arcs of tournaments was originally investigated by Erdo˝s-Moon [13].
Their work was from paired comparisons (see e.g. [19]). It is reasonable to
find suitable rankings, that is, permutations with many consistent edges.
First observe that for every tournament T with n vertices,
1
2
(
n
2
)
≤ C(T ) ≤
(
n
2
)
.
The first inequality follows by
(2.2) C(T, σ) +C(T, σ′) =
(
n
2
)
,
where σ′ is the reversed ranking of σ which is defined as σ′(i) := σ(n− i+1)
for each i ∈ V (T ). And in the second inequality, the equality holds if and
only if T is a transitive tournament. Thus it seems to be natural to consider
the worst case. In [13], it was proved that there are tournaments T such
that C(T ) ≤ (1+o(1))(n2)/2. Moreover Spencer [23], [24] and de la Vega [11]
proved that for sufficiently large n, there exist some constant numbers c1
and c2 such that
1
2
(
n
2
)
+ c1n
3
2 ≤ min
T
C(T ) ≤ 1
2
(
n
2
)
+ c2n
3
2
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where the minimum is taken over all tournaments with n vertices. However,
at this point, there seems to be almost no explicit construction of such
tournaments except for Paley tournaments. In [4, Theorem 9.1.1], it was
proved that
(2.3) C(Tp) ≤ 1
2
(
p
2
)
+O(p
3
2 log p).
Here we show a more general construction of such tournaments. Basically
we use the discussion in [4, Section 9.1] but we need to show a new upper
bound of e(A,B) − e(B,A) where for a digraph D and disjoint subsets
A,B ⊂ V (D), e(A,B) is defined as
(2.4) e(A,B) :=
∣∣{(a, b) ∈ E(D) | a ∈ A, b ∈ B}∣∣.
In fact, the upper bound in [4] holds only for Paley tournaments (the proof
uses the properties of the quadratic residue character). To obtain such
bound, we use the expander-mixing lemma for normal regular digraphs
proved by Vu [27]. Here a digraph D is called d-regular if in-degree and
out-degree of each vertex is d. To explain normal digraphs and the lemma,
we need to explain the adjacency matrix of a digraph. The adjacency ma-
trix MD of a digraph D with vertices is the {0, 1}-square matrix of size n
whose rows and columns are indexed by the vertices of D and the (x, y)-
entry is equal to 1 if and only if (x, y) ∈ E(D). Suppose that MD has
eigenvalues such that d = λ1, λ2, · · · , λn. A digraph D is called normal if
MD and its transpose M
T
D are commutative. In other word, D is normal if
|N+(x, y)| = |N−(x, y)| for any two distinct vertices x and y where N+(x, y)
(resp. N−(x, y)) be the set of vertices z such that (x, z), (y, z) ∈ E(D) (resp.
(z, x), (z, y) ∈ E(D)). Now we are ready to describe the expander-mixing
lemma for normal regular digraphs.
Lemma 2.2 (Expander-mixing lemma, Vu [27]). Let D be a normal d-
regular digraph with n vertices and λ(D) = max2≤i≤n |λi|. Then, for every
two disjoint subsets A,B ⊂ V (D),∣∣∣e(A,B)− d
n
· |A| · |B|
∣∣∣ ≤ λ(D)√|A| · |B|(2.5)
From this lemma, we can easily obtain the following corollary. This corol-
lary plays an important role in this paper.
Corollary 2.3. Let D be a normal d-regular digraph with n vertices. Then
for every two disjoint subsets A,B ⊂ V (D),
|e(A,B) − e(B,A)| ≤ 2λ(D)
√
|A| · |B|(2.6)
Proof. From the triangle inequality, we see that
|e(A,B) − e(B,A)| =
∣∣∣(e(A,B)− d
n
· |A| · |B|
)
−
(
e(B,A) − d
n
· |B| · |A|
)∣∣∣
≤
∣∣∣e(A,B)− d
n
· |A| · |B|
∣∣∣+ ∣∣∣e(B,A)− d
n
· |B| · |A|
∣∣∣.
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Thus, by Lemma 2.2, we get the corollary. 
Now we get the following lemma.
Lemma 2.4. Let T be a normal regular tournament with n vertices. Then
(2.7) C(T, σ)− C(T, σ′) ≤ 2λ(T ) · n log2(2n).
Proof of Lemma 2.4. This lemma follows by combining Corollary 2.3 and
the same argument in [4, pp.150-151]. We denote the proof for the reader’s
convenience.
Let r be the smallest integer such that n ≤ 2r. Suppose that a1 and a2
are integers such that n = a1 + a2 and a1, a2 ≤ 2r−1. And let A1 be the set
of the first a1 vertices in σ and A2 be the set of remained a2 vertices. Then,
applying Corollary 2.3,
e(A1, A2)− e(A2, A1) ≤ 2λ(T )√a1a2 ≤ 2λ(T ) · 2r−1.(2.8)
Next, set a11, a12, a21, a22 as integers less than 2
r−2 satisfying a1 = a11+a12
and a2 = a21 + a22. As above, divide A1 into two sets, A11 and A12, where
A11 is the set of the first a11 vertices in σ and A12 is the set of the remained
a12 vertices of A1. For a21 and a22, two subsets A21 and A22 of A2 are
defined as A11, A12. Applying Corollary 2.3 again,
e(A11, A12)− e(A12, A11) + e(A21, A22)− e(A22, A21)
≤ 2λ(T )√a11a12 + 2λ(T )√a21a22
≤ 2 · 2λ(T ) · 2r−2.
Then repeat such estimation from the first to the r-th step. In the i-th step,
V (T ) is partitioned into 2i subsets such that each subset contains at most
2r−i consecutive vertices in σ. Here each partitioned subset is indexed by a
{1, 2}-vector of length i. By Corollary 2.3,∑
ε
{e(Aε1, Aε2)− e(Aε2, Aε1)} ≤ 2i−1 · 2λ(T ) · 2r−i = 2λ(T ) · 2r−1,(2.9)
where ε moves over the set of all {1, 2}-vectors of length i − 1. And from
the definition of the partitions, it follows that∑
1≤i≤r
∑
ε
{e(Aε1, Aε2)− e(Aε2, Aε1)} = C(T, σ)− C(T, σ′).(2.10)
Thus, by combining (2.8), (2.9) and (2.10),
C(T, σ)−C(T, σ′) ≤ r · 2λ(T ) · 2r−1 ≤ 2λ(T ) · n log2(2n).

By (2.2) and Lemma 2.4, we immediately obtain the following theorem.
Theorem 2.5. Let T be a normal regular tournaments with n vertices.
Then,
(2.11) C(T ) ≤ 1
2
(
n
2
)
+ λ(T ) · n log2(2n).
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So if λ(T ) is small (for example, λ(T ) < O(n2−ε) for some fixed 0 < ε <
2), then we see that T has the quasi-random property.
Remark 2.6. We can see that for every strongly-connected normal (n −
1)/2-regular tournament T on n vertices, λ(T ) ≥
√
(n+ 1)/2. In fact, for
every strongly-connected normal d-regular digraph D on n vertices,
nd = E(D) = Tr(AAT ) =
n∑
i=1
|λi|2 ≤ d2 + (n− 1)λ(T )2.
Here we use the hand shaking lemma and the Perron-Frobenius theorem.
The idea of the above inequality can be found in [20, p.217]. Thus, un-
der Lemma 2.4, the additive error |C(T ) − (n2)/2| cannot be less than√
n3 + n log2(2n)/
√
2.
3. Examples of normal regular tournaments
In this section, we show some examples of normal regular tournaments.
First we consider the following tournaments constructed from finite fields.
Let m be a positive even integer and p ≡ m+1 (mod 2m) be a prime. Note
that there are infinitely many such primes since the Dirichlet’s theorem
on arithmetic progressions and the fact that m + 1 and 2m are coprime
when m is even. Let g be a primitive element of Fp. For even m, the
multiplicative group of Fp, which is denoted by F
∗
p, is divided into m cosets
S0, S1, . . . , Sm−1 where Si := {gt | t ≡ i (mod m)} for each 0 ≤ i ≤ m − 1.
Note that Sj = −Si if j ≡ −i (mod m).
Definition 3.1. Let i = (i1, i2, . . . , im/2) ∈ {0, 1, . . . ,m − 1}m/2 such that
Si = Si1 ∪ · · · ∪ Sim/2 and F∗p \ S = −S. Then the tournament Tmp (Si) is
defined as follows:
V (Tmp (Si)) = Fp,
E(Tmp (Si)) =
{
(x, y) ∈ F2p | x− y ∈ Si
}
.
(3.1)
This tournament is well-defined since p ≡ m + 1 (mod 2m) implying
χm(−1) = −1. And this tournament is a generalization of Paley tournament
since Tmp (Si) is exactly Tp in the case ofm = 2. Moreover from the definition,
it is not so hard to see that Tmp (Si) is a normal (p−1)/2-regular tournament.
Then we see that this tournament has the quasi-random property.
Corollary 3.2.
(3.2) C
(
Tmp (Si)
) ≤ 1
2
(
p
2
)
+O(p
3
2 log p).
This corollary can be proved by combining Lemma 2.4 and the following
evaluation of λ(Tmp (Si)).
Lemma 3.3.
λ
(
Tmp (Si)
) ≤ m
√
p
2
.(3.3)
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Proof. First, by a simple calculation, it can be shown that the set of eigen-
value of MTmp (Si) is{∑
s∈Si
ψ(s) | ψ is an additive character of Fp
}
.
Since Si = g
iS0 for each 1 ≤ i ≤ m− 1, we see that∑
s∈Si
ψ(s) =
∑
s∈giS0
ψ(s) =
∑
s∈S0
ψ(gis).(3.4)
Since S0 is the set of non-zero m-th power elements and each non-zero m-th
power residue appears exactly m times in the sequence (xm)x∈F∗p ,
∑
s∈S0
ψ(gis) =
1
m
∑
x∈F∗p
ψ(gixm).(3.5)
At last, we use the following known estimation (see e.g. [22, p.44]);∣∣∣∑
x∈Fp
ψ(axm)
∣∣∣ ≤ (m− 1)√p,(3.6)
for any non-trivial additive character ψ and a 6= 0. By combining (3.4),
(3.5) and (3.6),
λ
(
Tmp (Si)
) ≤ m
2
· 1
m
· {(m− 1)√p+ 1} = (m− 1)
√
p+ 1
2
≤ m
√
p
2
.

The next example is doubly regular tournament which has been researched
in algebraic combinatorics and related areas.
Definition 3.4. A tournament T on n vertices is called a doubly regular
tournament if T is (n − 1)/2-regular tournament such that for any distinct
two vertices x and y, N+(x, y) = N−(x, y) = (n− 3)/4.
Now DRTn denotes a doubly regular tournament on n vertices. From the
definition, DRTn is a normal regular tournament.
Corollary 3.5.
(3.7) C(DRTn) ≤ 1
2
(
n
2
)
+O(n
3
2 log n).
This corollary can be proved by the following evaluation of λ(DRTn).
Lemma 3.6.
λ(DRTn) =
√
n+ 1
2
.(3.8)
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Proof. Let M =MDRTn . Then by the definition,
(3.9) MMT =
n+ 1
4
In +
n− 3
4
Jn,
where In and Jn are the identity matrix and the all-one matrix of order n,
respectively. Since M +MT = Jn − In, we obtain
(3.10) M2 +M +
n+ 1
4
In − n+ 1
4
Jn = O.
Since DRTn is (n − 1)/2-regular, we see that (n − 1)/2 is an eigenvalue of
M and a corresponding eigenvector is the all-one eigenvector 1. And since
DRTn is normal, each eigenvalue θ except for (n − 1)/2 has an eigenvector
v which is orthogonal to 1. Thus,
(3.11)
(
θ2 + θ +
n+ 1
4
)
v = 0.
Since v 6= 0, we get
(3.12)
(
θ2 + θ +
n+ 1
4
)
= 0,
completing the proof. 
We remark that Corollary 3.5 is a generalization of (2.3) because Paley
tournaments are also doubly-regular tournaments. For other examples of
doubly regular tournaments, see [17] and [26]. As noted in [21], there are
constructions of doubly regular tournaments of non-prime (and non-prime
power) sizes.
4. Feedback arc set problem for tournaments
In this section we discuss an application of our construction to the feed-
back arc set problem for tournaments. In general, for a digraphD, a feedback
arc set is a collection of edges which their reversion makes D acyclic. Let
FA(D) be the minimum size of feedback arc sets of D. The feedback arc
set problem (FAS) for digraphs D is the problem determining FA(D). It is
well known that the FAS for digraphs is NP-hard even for digraphs whose
in-degrees and out-degrees are at most 3 (see e.g. [14]). On the other hand,
Bang-Jensen and Thomassen [18] conjectured that FAS for tournaments is
also NP-hard. This was a long-standing conjecture until it was proved by
Ailon-Charikar-Newman [2] under randomized reductions. After that the
conjecture was confirmed by Alon [3] and Charbit-Thomasse´-Yeo [8] under
derandomized reductions. Especially the proof in [3] is based on the quasi-
random property of Paley tournaments. Here we apply our construction in
Section 2 to the proof given by Alon [3].
Now for a permutation σ on V (D), let FIT (D,σ) be the number of edges
which is consistent with σ minus the number of edges which is not consistent
with σ. Especially FIT (T, σ) = C(T, σ) − C(T, σ′) for a tournament T .
Then from Corollary 2.3 and the same discussions in the proofs of Corollary
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3.2 and 3.3 in [3], we get the following two corollaries. From now on, in this
section, we assume that T is a normal regular tournament.
Corollary 4.1. For U ⊂ V (T ), let T [U ] be the subtournament of T induced
by U . Then,
(4.1) FIT (T [U ]) ≤ |U | log2(2|U |) · 2λ(T ).
Corollary 4.2. For disjoint subsets U,W ⊂ V (T ) with at most a vertices,
let T [U,W ] be the bipartite subtournament of T induced by U ∪ W with
respect to its bipartition (U,W ). Then,
(4.2) FIT (T [U,W ]) ≤ 4a log2(4a) · 2λ(T ).
Next we explain the blow-up of digraphs defined in [3].
Definition 4.3. For a positive integer a and a digraph D, the a-blow-up
of D is the digraph constructed by replacing each vertex v of D by an
independent set, say I(v), of size a and each edge (u, v) in D by the a2
edges directing from I(u) to I(v).
From the definition we see that
(4.3) FA(D(a)) = a2FA(D).
Then by Corollary 4.1 and 4.2, we can get the following lemma corresponding
to Lemma 3.4 in [3].
Lemma 4.4. Let D be a digraph and let a be a positive integer satisfying
a|U | ≤ n where n = |V (T )|. For each v ∈ V (D), let I(v) ⊂ V (T ) is a subset
of size a such that I(u) and I(v) are disjoint for each distinct u, v ∈ V (D).
Let T ′ be the tournament constructed from T by replacing all edges between
I(u) and I(v) of T by edges directing from I(u) to I(v) for every u, v such
that (u, v) ∈ E(D). Then for every permutation σ on V (T ),
(4.4)
|FIT (T ′, σ)− FIT (D(a), σ)| ≤ {n log2(2n) + 4|E(D)|a log2(4a)} · 2λ(T ).
In [3], the author constructed the tournaments T ′ from Paley tourna-
ments and showed that FA(T ′) can be approximated to FA(D) for any
give digraph D whose in-degrees and out-degrees are at most 3. Now, by
Lemma 4.4, we can prove the main theorem in [3] by using more flexible
sources of T ′.
Theorem 4.5 (Theorem 4.1 in Alon [3]). The FAS for tournaments are
NP-hard.
Proof. Here we apply the tournament Tmp (Si) to the discussion in [3]. First
note that for every digraph D,
(4.5) FA(D) =
|E(D)| −maxσ FIT (D,σ)
2
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where the maximum is taken over all permutations on V (D). So computing
FA(D) is equivalent to computing maxσ FIT (D,σ). We also see that
(4.6) max
σ
FIT (D(a), σ) = a2max
τ
FIT (D, τ)
where τ moves over permutations on V (D). Now let D be a given digraph
whose in-degrees and out-degrees are at most 3. We note that there are
digraphs defined as above with arbitrarily many vertices. For a fixed integer
c > 3, let a = |V (D)|c and let p ≡ m + 1 (mod 2m) be a prime between
|V (D)|a and 2|V (D)|a. And let T ′ be the tournament constructed from
Tmp (Si) and the a-blow-up D(a) as explained in Lemma 4.4. We remark that
for sufficiently large |V (D)|, there is such a prime by Dirichlet’s theorem
on arithmetic progressions and, for example, prime number theorem for
arithmetic progressions (see e.g. [10]). We also remark that such a prime
can be found in polynomial time (see [1]). By Lemma 4.4 and the definition
of D and a, we see that
|FIT (T ′, σ)− FIT (D(a), σ)| ≤ {p log2(2p) + 4 · 3|V (D)| · a log2(4a)} ·m
√
p
≤ 13mp 32 log2(4p).
(4.7)
From (4.6), we can determine maxτ FIT (D, τ) by the approximation (4.7)
if a2 > 13mp
3
2 log2(4p). Finally, since p < 2a
1+1/c, we see that a2 >
13mp
3
2 log2(4p) if c is chosen so that c ≥ 4. 
We remark that this theorem can also be proved by applying DRTn to
the discussion of the above proof.
5. Shu¨tte’s problem for tournaments
At last, in this section, we explain another random-like property.
Definition 5.1. Let k be a positive integer. A tournament T has the
property Sk if for every A ⊂ V (T ) of size k, there exists a vertex z /∈ A
directing to all members of A.
The Shu¨tte’s problem asks the existence of tournaments satisfying this
property (see [12] and [16]). As shown by Erdo˝s [12], random tournaments
a.a.s. satisfy Sk for any k ≥ 1. On the other hand, the problem of explicit
constructions has been considered in some papers. For example, Graham-
Spencer [15] showed that the Paley tournament Tp satisfies Sk if p > k
222k−2
for each k ≥ 1. And from the digraphs constructed in [6], we can also
construct tournaments satisfying Sk for every k by adding edges. At this
point, there seems to be almost no construction of tournaments satisfying
both of the quasi-random property and Sk except for Paley tournaments.
Now we construct such tournaments. First, we can show that the following
proposition by Tmp (Si). This is proved by a direct generalization of the
discussion in [15] and [5], so we omit the proof here.
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Proposition 5.2. For every k ≥ 1, there exists p(k) > 0 such that for every
p > p(k), the tournament Tmp (Si) has the property Sk.
We remark that Corollary 3.2 and this proposition show that Tmp (Si)
satisfies both of the quasi-random property and Sk. Moreover, we can also
prove that Tmp (Si) has the existentially closed property which is a more
stronger property than Sk (see e.g. [7]).
And we also note that doubly regular tournaments constructed in [26] satisfy
both of the quasi-random property and S2 by Corollary 3.5 and the corollary
in [26, p.277]. Moreover, for every two vetices u and v, there are at least m
vertices directing to both of u and v.
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